A COUNTER EXAMPLE TO MALLE'S CONJECTURE ON THE 
ASYMPTOTICS OF DISCRIMINANTS 
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Abstract. In this note we give a counter example to a conjecture of Malic 
which predicts the asymptotic behaviour of the counting functions for field 
extensions with given Galois group and bounded discriminant. 



1. Introduction 

Let G < S n be a finite transitive permutation group and k be a number field. 
We say that a finite extension K/k has Galois group G if the normal closure K of 
K/k has Galois group isomorphic to G and K is the fixed field in K under a point 
stabilizer of G. By abuse of notation we will write Qal{K/k) = G in this situation. 
We let 

Z(k, G; x) := | {K/k : Gal(K/k) = G, N k/Q (d K/k ) < x) \ 

be the number of field extensions of k (inside a fixed algebraic closure Q) of degree n 
with Galois group permutation isomorphic to G (as explained above) and norm of 
the discriminant d K / k bounded above by x. It is well known that the number of 
extensions of k with bounded norm of the discriminant is finite, hence Z(k, G; x) is 
finite for all G, k and x > 1. 

Guntcr Malle |7||H] has given a precise conjecture about the asymptotic behaviour 
of the function Z(k,G;x) for x — > oo. In order to state it, we need to introduce 
some group theoretic invariants of permutation groups. 

Definition 1.1. Let 1 ^ G < S n be a transitive subgroup acting on O = {1, . . . , n}. 

(1) For g e G we define ind(g) := n — the number of orbits of g on ft. 

(2) ind(G) := min{ind(.g) :l^geG}. 

(3) a(G) :=ind(G)- 1 . 

Since all elements in a conjugacy class C of G have the same index we can 
define ind(C) in a canonical way. The absolute Galois group of k acts on the set 
of conjugacy classes of G via the action on the columns of the complex character 
table of G. The orbits under this action are called fc-conjugacy classes. 

Definition 1.2. For a number field k and a transitive subgroup 1 ^ G < S n we 
define: 

b(k,G) := \{C : C k-conjugacy class of minimal index ind(G)}|. 

Now we can state the conjecture of MallejH], where f(x) ~ g(x) is a notation for 
lim^oo f(x)/g(x) = 1. 

Conjecture 1.3. (Malle) For all number fields k and all transitive permutation 
groups 1 ^ G there exists a constant c(k, G) > such that 

Z(k, G- x) ~ c(k, G)x a[G) log{x) bik ' G) -\ 
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where a(G) and b(k, G) are given as above. 

This conjecture is proved for abelian groups UJ. For all number fields k and all 
nilpotent groups G it is shown in |B] that 

r log Z{k,G;x) 
limsup ; < o(Cr). 

a— «, logX 

If we furthermore assume that G is in its regular representation, i.e., we count 
normal nilpotent number fields, we get: 

lim lo g Z(k,G;x) 
x^oq log a: 

For more results see also the survey articles 



2. The counter example 

We present a counter example for k — Q and the wreath product G C 3 lC 2 = 
Cf x C 2 < Sq of order 18 , where C n is the cyclic group of order n. In the following 
we count all field towers L/K/Q such that Gal(L/K) = C 3 and Gal(K/Q) = C 2 . 
Therefore the Galois group of L/Q is one of the groups C 6 , S 3 (6), G < S 6 , where 
63(6) denotes the group S3 in its degree 6 representation. Since Cq is abelian we 
get from jS] that 

Z(Q,C 6 ;x) ^c(C 6 )x^ 3 . 
From the Davenport-Heilbronn theorem |5] we know that 

Z(Q,S 3 (3);x)~c(S 3 (3))x. 

Using the fact that the discriminant of the splitting field of an S^-extension is at 
least the square of the discriminant of the S^-cxtcnsion, we easily get that 

Z(Q,S 3 (6)',x) =0(x 1 ' 2 ). 

Since extensions with Galois group S3 (6) are normal we can use a result in 4, Prop. 
2.8] which states that Z(Q, S 3 (6);x) = O e (x 3 / 8+e ) for all e > 0. With a more careful 
analysis we are able to prove that there are constants Ci(S 3 ),C2(S 3 ) > such that 

c 1 (S 3 )x 1 ^ 3 < Z(Q; S 3 (6);x) < c 2 (S 3 )x 1/3 for x large enough. 

We remark that the results for S3 (6) and Cq are as conjectured since we get a{C§) = 
a(S 3 (6)) = 1/3 and b(Q, C 6 ) = b(Q, S 3 (6)) = 1. 

Now we define the counting function corresponding to field towers L/K/Q as 
above: 

Z(Q, C 3 I C 2 ;x) := | {L/Q \ 3K : Gal{L/K) = C 3 , [K : Q] = 2, \d L \ < x} |. 

We have two conjugacy classes of elements of order 3 in G which have three fixed 
points. Considered as Q-conjugacy classes we get only one orbit. In number fields 
k containing a primitive third root of unity £3 we get two fc-conjugacy classes of 
this type. Therefore a(G) = 1/2 and b(Q,G) = 1. Since the counting functions for 
S3 (6) and Cq have lower asymptotics we would expect that 



Z(Q, C 3 lC 2 ;x)~ Z(Q, C 3 lC 2 ;x)~ c^x 1 ' 2 . 
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Certainly we get a lower estimate for Z(Q, C 3 I C 2 ] x) if we only count the number 
fields which contain a fixed quadratic subfield K. We choose K — Q(Cs) and using 
d-L = d%N(d,L/K) we get for x large enough: 

Z(Q, C 3 I C 2 ;x) > Z(K, C 3 ;x/27) ~ C (K, C^x 1 ' 2 log(x). 

For the latter we used the fact that b(K, C3) = 2 and that the conjecture is true 
for abelian groups j^J- This already gives a contradiction to Conjecture 11.31 Since 
the asymptotics of the counting functions of Cq and S 3 (6) is 0(x 1 ^ 3 ) we get the 
contradiction for our group G. 

Now we introduce a counting function avoiding Q(C3)- 

Z(Q,C 3 I C 2 ;x) := | {L/Q \ 3K ? Q(( 3 ) : Gal(L/K) = G 3 , [K:Q] = 2, \d L \ < x} \. 

Using the averaging results for the 3-ranks of the class group of quadratic fields |3] 
we can prove that 

Z(Q, C 3 I C 2 ;x) ~ c(G 3 I C 2 )x 1/2 

as predicted by Malle's conjecture. This means that the cyclotomic intermediate 
extension is the reason for the failure of the conjecture. 

We remark that all groups of type Ct I C m , where I > 2 is prime and gcd(m, I — 
1) > 1 give counter examples. E.g. let us consider m = 2. Then there is a unique 
quadratic subfield K = Q(V±£) of Q(&). Since b(K, C t ) = 2 and b(Q, C t lC 2 ) = l 
we can derive the same contradiction as above. We remark that for £ > 3 we cannot 
prove good upper bounds for those groups since we do not know good estimates for 
the ^-rank of the class group of quadratic fields in these cases. 

How to fix the conjecture? 

One possibility would be to forbid intermediate extensions which are contained 
in cyclotomic extensions Q(Cf), where I must be chosen from a set containing all 
orders of elements of G which have minimal index. This is more natural in the 
global function field setting. Here we restrict to extensions K/¥ q (t) such that the 
normal closure of K contains no constant field extension. Restricting to those 
extensions and assuming some heuristic about the number of points of irreducible 
varieties over F g , Ellenberg and Venkatesh 5 are able to deduce the correct upper 
and lower bounds in Malle's conjecture including the correct logarithmic power. 
We remark that the same type of counter examples apply, if we allow constant field 
extensions. E.g. choosing q = 2 mod 3 and G = C 3 lC 2 works as a counter example, 
when we choose ¥ q 2 /¥ q as the quadratic extension. 

In order to fix the conjecture we might think that we have to look at maxi- 
mal abelian quotients of the given group G. Unfortunately this approach is not 
sufficient. E.g. for the group G = (C 3 I C 3 ) x C 2 we get a(G) = 1/4,6(Q,G) = 
1 , b(Q(C t3 ) , G) = 2. We can prove that there exist constants ci(G),c 2 (G) > such 
that 

ci(G)x 1/4 < Z(Q, G; x) < c 2 (G)x 1/4 for x large enough. 

Therefore this group does not contradict Conjecture 11.31 Similiar to our original 
example it is possible to choose K — Q(Cs) as an intermediate extension, but this 
time it does not change the log- factor. 
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